Linear Systems, University of Groningen H.M. Goossens

Lecture 1:

Scaler first order differential equations:

Let f : D — Rwhere D C R X Rthen SCALER DIFFERENTIAL EQUATION:

i(t) = f(t, z(t)) (A1)
with ¢ independent and x dependent variable.
. . dx
meaning of the dot: z(t) = E(t) (A.2)
Notation: @:(t) = f(t, ) (A.3)
Definition A.1:
A SOLUTION TO A DIFFERENTIAL FUNCTION z : [ — Rwherel C Rif:
1: xis differentiable.
2:(t,x(t)) € Dfor allt € T
3:2(t) = f(t,z(t)) for allt € T
Problem A.1:
INITIAL VALUE PROBLEM:
Given f : D — Rfor some D C R x Rand point (¢g, o) find such a solutionz : J — Rs.t.
&= f(t,x) x(to) = g (A.6)
New form (part 1):
1:
L(t) = f(t) (A.9)
Then the UNIQUE SOLUTION: for a initial condition x(tg) = xo given by:
t
x(t) = zo + /f(T)dT (A.10)
to
2: AUTONOMOUS EQUATIONS:
(t) = g(x(t)) (A.11)
where g continuous on interval X, soD = R x X.
We can show that these equations are TIME-INVARIANT by using that
dH 1 d dH 1
H(x)=t s —(r)=—< —(h =—(@)it=——i=1 A12,A13,A.14
@) =t47e G = o o (b)) = @)= i (A12, )
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Lecture 2:

New form (part 2):

1: SEPERABLE EQUATIONS:
CLASS OF SOLUTIONS given by:

withc € Rand 48 (¢) = f(¢)

REASONING: p )
“(H = i=
FHE@) = i = /1)
Therefore:
dx

dt g(z)

Linear scaler differential equations,linearity:
a,b: I — Rthen LINEAR DIFFERENTIAL EQUATION

z(t) = a(t)x(t) + b(t)
HOMOGENEOUS: b(t) = 0for allt v.s. NONHOMOGENEOUS: b(t) # 0

DIFFERENTIAL OPERATOR:
L(z) =2 — a(t)z

This operator is indeed linear: z’, z two functions and o/, o € R then we see that:

d
Loz +a'z') = ﬁ{aw +d'2'} —a(t)(ax + o'z’)

= ai + o' —a(t)axr — a(t)d'x’ = aL(z) + o' L(z")

When we rewrite this we obtain that:

(A.19)

(A.21)

(A.22)

— f(t)g(@) & ——du = f(t)dt @/Wlx)dx _ /f(t)dt o H(z) = F(t) + ¢ (A.23,A.24,A.25)

(A.37)

(A.39)

(A.40)
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Homogeneous equation:

#(t) = a(t)z(t)

which we can rewrite to:
H(z) = / %dw e /a(t)dt
So any solution where C' = e or C' = 0 given by:
z(t) = Cef'®

Lemma A.1.
Consider initial value problem:

#(t) = a(t)x(t),  x(to) = o

Wherea : I — Randty € I then the unique solution:

t

z(t;to, mg) = moe D F(t) = / a(t)dr

to

PROOF:
Introduce z(t) = z(t) — 2’(¢) where 2’ (¢) second solution. So then

dr

to

¢
/ d {G_F(T)Z(T)}d’r = e FWz(t) — e Fl) 5 (15) = 0

(A1)

(A.42)

(A.44)

(A.48)

(A.49)

(A.51)

So indeed solution and indeed unique. a : I — Rand ¢y € Rthen UNIQUE SOLUTION: fort € I

t

z(t; o, zg) = el D, F(t) = /a(T)dT

to

(A.49)
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Non-homogeneous equations:
@(t) = a(t)z(t) + b(t)
We find the class of solution by VARIATION OF CONSTANTS:
2(t) = e FWat) = 2(t) = e FOb(2)
2(t) = / e FOpt)dt + C
So then we get that:
z(t) = CeP'® 4 F®) / e FOp(t)dt

Lemma A.2.
Consider initial value problem wherea,b: I — Randty € Is.t.

z(t) = a(t)z(t) + b(t) x(tg) = o

Then UNIQUE SOLUTION fort € I and F as in (A.49)

t
@ (t; to, xo) = zoel'®) 4 &'V /G_F(T)b(T)dT

to

Homogeneous and particular solutions.

We can write (A.59) as
x(t) = zn(t) + zp(1)
where HOMOGENEOUS SOLUTION:
n(t) = alt)zn(t)
annd PARTICULAR SOLUTION
ap(t) = a(t)ap(t) + b(t)

z,(t) = Cpef'® 4 &' /e_F(t)b(t)dt
Let 21, (t) = Cp,e?® then we can write (A.67) as

z(t) = (Ch + Cp)ef'® 4 'O /e*F“)b(t)dt

(A.59)

(A.60,A.61,A.62)

(A.63)

(A.64)

(A.65)

(A.67)

(A.68)

(A.69,A.70)

(A.71)

Example:
4 in(t
z(t) = —;x(t) + 81?4( ) wheret > 0
dx 4 1 1 c
1)H = —dr=—4 | Zdt = In|z| = —4In|t t) =<
) OMOGENEOUS — m:>/xx /t = In || nlt|+C = z(t) 1
2) PARTICULAR: z(t)t*x(t) = 2(t) = sin(t) = 2(t) = — cos(t)
C — cos(t)

3) FINAL SOLUTION: z(t) = "

(A.71till A.76)
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Lecture 3:

SYSTEM OF DIFFERENTIAL EQUATIONS:

T1(t) = fi(t,x1(t), ..., zn(t))

(A.79)
j:n(t) = fn(taxl(t)a 7xn(t))
When we define
1 fl(t>$1a"'7xn)
T = f(t7 CL’) = :
Tn fn(t» X1, 7xn) (A80,A81)

Definition A.2.

I c R z:I — R"SOLUTION to (A.80,A.81)if x differentiable, (¢,2(t)) € Dfor allt € Iholds for
allt € I

Problem A.2:

f:D —R"for D C R x R"and a point (g, o) € D find solutionz : I — R"s.t.

i) = f(ta(t),  xlto) = a0 (A.82)

SOLUTION INITIAL VALUE PROBLEM:

2(t) = o + / F(ra(7))dr (A.83)

Recall: |2| = VaTe = /27 + ... + 22

Definition A.3.
f:D — R"withD C R x R"is LIPSCHITZ in x at a point (t'2') € Dif3AL > 0&r > 0s.t.

|[f(t,2) — f(t,a'| < L]z — 2| (A.85)

Y(t,z) : |z —2'| < r|t—t| <r(t,z) € D. fLipschtiz for all (¢,2") € D, it is said to be locally
Lipschitz on D.

Theorem A.3.

f: D — R*with D C R x R"continuous, locally Lischitz on Dy, If (tg, 29) € D then exists unique
solution (A.82), can be extended left and right up to boundaries of D

PROOF:,Remark A.4:

By METHOD OF SUCCESSIVE APPROXIMATIONS:

t

P () =z + / f(r,z*(r))dr (A.86)

to
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Remark A.5:
For f : R — R (A.85) will be:

[f(z) — f(=)] _ ’f(x)—f(x’) <r
|x — /| x—x -
Remark A.6: i
y ) = = (0

So thenn th order diferential equation:

y™ () = ft,y(t),9(t),...,.y" V()

When we say thatx = [a:l xn]T = [y y(”_l)]Twe see that we get:
T1 T2
To x3
ﬂbn:—l Tn
Fn ftzr,. . tn_1)
Systems:

LINEAR SYSTEMS WITH INPUTS AND OUTPUTS:

_ Ja(t) = Az(t) + Bu(t) STATE EQUATION
| y(t) = Cx(t) + Du(t) OUTPUT EQUATION

tindep. var. time.STATE: z(t) € R™.INPUT: u(t) € R™.OUTPUT: y(t) € R?.
SYSTEM MATRIX: A € R™™ " and INPUT MATRIX: B € R"*™,
OUuTPUT MATRIX: C € RP*™ and FEEDTHROUGH MATRIX: D € RPX™

NONLINEAR SYSTEM:

5 = &(t) = f(z(t), u(t))
" y(t) = h(z(t), u(t))

Definition 1.1:
Consider %, for constant u(t) = @, ThenZ € R™ EQUILIBRIUM for @ if

f(z,w) =0
Means that z(t) = Z constant solution. Corresponding outputy € R? asy = h(T,u)

DEVIATION FROM THE EQUILIBRIUM POINT:

DYNAMICS:

For z, 4 small:

(A.87)

(A.88)

(A.89)

(A.91)

(1.14)

(1.22,1.23)

(1.24)

(1.25)
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When we use that

on . on
8 X1 Tn
e E (1.26)
T g Ofn
oxq e Oxp
Similair for %, %, % so then we can obtain:
Definition 1.2:
Let (T, ) equilibrium of (1.14) then:
i(t) = AZ(t) + Ba(t
:f( ) 95( )+ tf( ) (1.30)
g(t) = Cz(t) + Du(t)
with Z(¢) € R"and 4(t) € R™ and §(t) € R? and
_of _ _ _of _ _ _ Oh,_ _ _Oh,_ _
A—%(w,u), B—%(:U,u)7 C—%(a@u), D—%(x,u) (1.31)

is called LINEARIZATION of (1.14) around equilibrium (Z, @)
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Lecture 4:

Homogeneous linear systems:

Consider
x(t) = Ax(t)

with the initial value problem stated in problem A.2, so (A.82).
We see that the unique solution is:

¢
z(t; o, To) = et = g4 + /Aw(r)dT
to

t
a® V(1) = 2o + / Ax™ (1)dr

to
Idea: approximate z(*)(t)
t
=M () = 20 + / Azgdr = (I + A(t — to))wo

to
t

(@) = o + /(1 4 A(t — mo))zodr = (I + A(t — o) + %AQ(t — t0)?)z0

to

k
28 (1) = <Z Al(t; to)z> »

1=0
Now we first define ||o||, we will do this by:

4 =sup {2 # 0} = sup (L ale] = 1)

|z]
Where |z| = v z*x where z* the Hermitian transpose of x

Lemma 2.1:
A € C"*™and (A);; be any element of A. Then

[(A)iz| < 1A]l
PROOF:
e;isith column if I,, so then:
(A)1;
(A)2;
Aej=| . | = [(A)y] < [Ae| < A
(A)nj

(2.3,2.4,2.5)

(2.6,2.7)

(2.10)

(2.11,2.12)
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Lemma 2.2:
A, B € C"*" then
|AB|| < [|A[l|| B (2.13)

Proor:
Definition 2.9: |Az| < ||A|||z| for any x € Cso therefore

|ABz| < ||A|l|Bx| < [|A[||| Bll|z| VzeC" (2.14)
Lemma 2.3: -
The matrix series tk]:?k Cnxn
k=0
PROOF:
ok o [[(A8)*]] | At|*
A S’k!A T .
- 9.15,2.16,2.1
—|t* t* | At] ( )
E(A )7,] S Z EA € < 0
k=0 k=0

Definition 2.1: MATRIX EXPONENTIAL of At with A € C**"™:

2. Aktk
At — o (2.18)
k=0

Lemma 2.4: ¢t — e for A € R"" then 4 {e4!} = Ae?
PROOF:

A Akk _ood ARk _°°Ak1c1 APl At A
dt{e t}_dt{l+z }_z_:dt{k!}_Z(kl —AZ (k—1)! = Ae?t =eMA
Theorem 2.5:

Consider:
z(t) = Ax(t) and 2(tg) = xo for A € R™*™ then the unique solution fort € Ris given by:

z(t; 1, mg) = eA0) g (2.21)

Nonhomogeneous linear systems:
#(t) = Ax(t) + Bu(t)

Remark 2.2: continuous input function.
INITIAL VALUE PROBLEM: for given input function and initial condition

z(t) = Az(t) + Bu(t) z(to) =z, u: I — R™ (2.66)

Theorem 2.11:
fort € I the unique solution to (2.66)is given by:

t
z(t; to, mo, u) = eAE0) gy 4 /CA(t_T)Bu(T)dT (2.67)

to
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PROOF:
idea derrive solution using variation of constants:
2(t) = e Ata(t) < eMz(t) = x(t)
i(t) = e Ma(t)} = —Ae=Ma(t) + e Mi(t) = —Ae~Ma(t) + e~ (Ax(t) + Bu(t))
= —Ae Ax(t) + Ae= O x(t) + e~ Bu(t) = e~ Bu(t)
t ¢
2(t) = 2(to) + [ e A7 Bu(r)dr = e~ Az + [ e AT Bu(r)dr
t() t()
z(t) = ette Aoxy + [ eAle™ A7 Bu(r)dr
to

¢
= eAlt=to) g + [ A=) Bu(r)dr which is also unique.
to

And because this one is unique, the solution of the homogeneous system is unique.

Remark 2.3:
Consider output equation
y(t) = Cz(t) + Du(t)

then for allt € T and for initial condition (¢g, z¢) we have

¢
y(t; to, zo,u) = Ce D) g + /CGA(t_T)Bu(T)dT + Du(t)
to

Theorem 2.12:

(2.73)

Consider z(t) = Axz(t) + Bu(t). THen for (tg, zo) and (to, ) with zg, 2 € R™ two initial conditions

andu, v : I — R™ two input function withtg € I then
x(t; to, g, &' zf, au + o'u') = ax(t; to, xo, u) + o’ x(t; to, z(, u') for alla, o’ € R

Theorem 2.13:TIME-INVARIANCE: for any (to, zo) and u : R — R™ then:
x(t; to, xo,u) = x(t — to; 0, 20, Uy, ) withuy, (¢) = u(t +tp) andt € R
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Lecture 5:

Computation of the matrix exponential:
For A e R"*" (A € C"*™)

et = S A T At LA 4
k=0

Lemma 2.6.
Let T € C™*™ be nonsingular and A € C"*" then:

eTAT 't — TeAlT=1 it (2.37)
Remark 2.1:
A € R™*" diagonalizable = exists n lin. independent eigenvectorsv; € C™ s.t.
AT =TA
A0 0
! (2.42,2.43)
T:[Ul Ui] A= 0 0 0
0 ... 0 A

n

So then

eAU10) = TATHt0) = DAt T o gt 8, 20) = A0 Wy = 3 o1 (2.44,2.45)
i=1
Lemma 2.7.
a,b € C"*"st. AB = BAthen for allt € R
eMB = BeA! (2.46)

Lemma 2.8.
For any A € C"*"

(eAt)*l — At
if AB = BA = eAteBt — (A+B)t (2.47,2.48,2.49)

Vt, s € ReAteds = ¢Alt+s)

term 2B 2020-2021 Page 11



Linear Systems, University of Groningen

H.M. Goossens

The Jordan canonical form:

Definition 2.2.
JORDAN BLOCK MATRIX Ji,(\) € C**F matrix given by:

A1 0 ... 0
0 A 1 0
Je(A) = | RN (2.62)
0 A1
A
Note: Jx(A) = Al + N with N*¥ =0
Lemma 2.9.
Consider Ji (\) for positive integer k and A € C then:
t
eIt At . (2.62)
1 t
1
Theorem 2.10:
For any A € R™*" there exists a nonsingular matrix,T’ € C**"s.t. A = TJT ! with
Jiey ()‘1)
J = (2.63)
Jkr()‘r)
Where \; € o(A)andi = 1,...,randn = k; = ...+ k,. Conversely, let A € 0(A). Then\ = A, for
somei € {1,...,7}
Computation of the matrixz exponential:
1: Compute Jordan canonical form: A = T JT !
2: for each Jordan block (Jg, (A(7)) compute e+ (A1)t
3: Compute e using:
At _ JTIT '
ek A1)t 2.64
:TeJtT71 -7 T,1 ( )
’ oIy (At
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Lecture 6:

Consider

(t) = Ax(t)

Definition 3.1.
The system (3.1) is called

1. STABLE if every solution bounded fort > 0. So for any zg € Rexists M > 0s.t.

|x(t; x0)| = |6Atl‘0| <M t>0

2. ASYMPTOTICALLY STABLE: every solution tends to zero fort — ooso forzy € R

: . _ 1 At _
thm (t;x0) = thm erg =10
Remark 3.1: holds also for (1.1)

Consider t — tFe M for nonnegative integer kand A € C
Lemma 3.1:
IfRe(\) < Othen
lim tFer =0
t—o0
And |t*e| bounded Vt > 0
Lemma 3.2:
for any @ € Rs.t. Re(\) < «,
[theM] < Me™ vt >0

Proor:
Define p(t) = e~ *ttker = tle(A )t
Then Re(A — 2) < Oand by this: [p(t)] < M = e*[p(t)| = |e*p(t)| = [the | < Met

Denote:

C = {z € C|Re(z) < 0}and C = {z € C|Re(z) < 0}

Theorem 3.3:
Consider (3.1) then:
1) (3.1) is stable iff
o(A) c C.

and every A with Re(\) = 0is semisimple: equal algebraic and geometric multiplicity
2: (3.1) asymptotically stable iff
o(A) CcC.

Exists M,y > 0s.t.
|ed|| < Me™* Vt>0

PROOF:

By contraposition: let A € o(A) withRe(\) > 0.

Denote Av = v then x(t) = eMv solution of #(t) = Ax(t) Namely:

(t) = XeMv = \ver = Avet = Ax(t)

In fact, z(t;v) = e v however tlggo x(t;v) # 0so4(t) = Ax(t)is not asymptotically stable.

(3.1)
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Routh-Hurwitz criterion:

Definition 3.2:
A polynomial
p(s) = ans" + Un_18" P 4. Fars+ aop

(3.17)

witha; € Randa,, # 0called stable if all its roots (p(A) = 0) have negative real parts: o(p) C C

Theorem 3.4:
ROUTH-HURWITZ THEOREM:
pas(3.17) withag, ..., a, € Randa, # 0. Then pstable iff:

1) Ap—1 # 0
2) apap—1 >0
3)q(s) = an_1p(8) — ap(an_15" + a,_35""2+...) is stable

Lemma 3.5
Let pbe
p(s) = a8 + a1s + ag

with ag, a1, a2 € Randa,, # 0. Then pstable iff al coefficients nonzero and same sign.

Lemma 3.6:

let pbe as (3.17) with ag, ..., a, € R, pstable, then all coefficients nonzero and same sign.

Interval polynomials:

Define
P(s) ={ans" +an_15"" '+ ... +ars+aola; <a; <afVie{0,1...,n}}

Definition 3.3:
the set P stable if pstable for allp € P.

Theorem 3.7:
Set P stable iff the following four polynomials stable:

ptT(s)=af +afs+afs® +afs®+...

p+_:a§+afs+a2_32—|—a§'53+...
p*+:aa+a1+s+a2+s2+ags3+...
pif:aa—&—al—s+a;82+a§'s3+...

(3.19)

(3.29)

(3.33)

(3.34,3.35,3.36,3.37)
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Lecture 7:

Y(A, B) : &(t) = Az(t) + Bu(t) (4.1)
Recall:
Unique solution given by:
t
z(t; zo,u) = elay + /GA(t_T)B’LL(T)dT (4.2)
0

Definition 4.1.
(4.1)is CONTROLLABLEIf for anyz(0) = o € R™and any final statez; € R"there3u : [0,T] —
R™s.t.xp = z(T; 0, u)

Definition 4.2.
The statexy € R™is REACHABLE at time T > 01if there existsu : [0,7] = R™s.t. 2(T;0,u) = x
REACHABLE SUBSPACE Wr at some timeT > 0s.t.:

Wr = {x; € R"|zis reachable at T'}
T
= / A7) Bu(r)dr|u : [0,T] = R™
0

Definition 4.3.

(4.1) REACHABLEif for any xy € R™ is reachable: Wy = R
Lemma 4.1.

(4.1) controllable iff (4.1) reachable.

Theorem 4.2:
v € R"andT > Othen:
)v z = 0for allz € Wp
2)vTeA'B = 0for all0 <t < T
3) TAkB =0fork=1,.
4Ho" [B AB A’B ... A"—lB] =0
Where A € R"*"™ and B € R"*™ wherem < n

PrROOF 1 =2
Let vT2 = Ofor allz € wp then:

0= fvTeA(t’T)Bu(T)dT for everyu : [0,T] — R™

Chogseu( t) = BTeA" (T=7)y

O—fv eA(T — 7)BBT A" (T=")ydr = [ HBT AT(T-7) H dr & BTeA ly = 0for0 <t <T
Sow eAtB =0for0<t<T
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Corollary 4.3:
Wr independent of T for T' > 0. I tsatisfies:

Wr=im|[B AB ... A" 'B] (4.12)
Image:
imM = {y € RP|y = Mz for somez € R?} (4.12)
Definition 4.4.
AeR"™™andV C R™. Then Vis called A— ,invariant if:
reV=>AzeV (4.14)

Notation: AY C V

Theorem 4.4.
reachable subspace W smallest A— invariant subspace containingimB

Corollary 4.5.
1) 3T > 0s.t ¥ controllable at T

2) ¥ controllable at T for allT > 0
3)rank [B AB ... A" !'B]l=n
4HW =R»
Observability:
Consider
%(4,C) = {70 =420 4.25
(4,6) {y(t) = Cz(t) (4.25)
Definition 4.5.
Consider (4.25). Two states zo&z(, € R. They are INDISTINGUISHABLE: on [0, T with 7" > 0if
y(t; x0,0) = y(t; 24, 0) (4.30)

Definition 4.6.
(4.25) observable on [0, T if two states zg, 2, € R™ are indistinguishable on [0, T] only if o = x|,

Definition 4.7.
UNOBSERVABLE SUBSPACE: at time T’ denoted by N7

Nr = {z € R"|zis indistinguishable from 0 on [0, 7]} (4.31)
Theorem 4.6.
N7 independent of T'for T > 0so
C
N7 = ker : (4)
CAnfl
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Theorem 4.7.
unobservable subspace NV is largest A— invariant subspace contained in ker(C)

Theorem 4.8.
Following equivalent:
1) 3T > 0s.t. X(A4, C) is obversable at T
2) X(A, C) observable for allT > 0
C

3) rank : =n
CAn—!
4N = {0}

Theorem 4.9.
System X(A, B) in (4.1) controllable iff (AT, BT)in (4.25) is observable.
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Lecture 8:

Canonical forms
Let T' € R™*"™ be nonsingular s.t.
z(t) = Tx(t)
(4. ) S(TAT™',TB) : (t) = TAT'Z(t) + T Bu(t)

Z(t) = TAT'Z(t)

(4.25) = S(TAT~',CT™ ") := {y(t) i

Definition 4.8.
(A, B) and (A, B) form: (4.1)SIMILAR if
A=TAT'B=TB
(A, C)and £(A, C) (4.25)SIMILAR if
A=TAT'C=CT!
Theorem 4.10:
T € R™ " nonsingular then:

1) ¥(A, B) controllable < S(T AT, T B) controllable.
2) ©(A, C) observable & S(T AT, CT~1) observable.

Theorem 4.11:Let (A, B) be unocontrollable, define k = dim W < n then:

A A B
-1 _ 11 12 _ 1
rar [l 4] g[8

Where Ay, € R¥** and B; € RF*™ and (A1, By ) controllable.

Theorem 4.12. Let (A, C') be unocontrollable, define k = n — dim W < n then:

A 0
TAT-! — |41

|:A21 Az
Where Ay, € R¥** and C; € RP** and (A1, C ) observable.

Change of variables: T(t) = T (t) s.t.

51 (t) = A1171 (t)

E(TATil, CTﬁl) : {172(15) = A1T (t) + Angg(t)

y(t) = Crz1(t)

} CT'=[C-1 0

(4.41,4.42,4.43)

(4.44)

(4.44)

(4.49)

(4.49)

(4.74)
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Controllable and observable eigenvalues:

Definition 4.9.
A € o(A)is called (A, B) CONTROLLABLE if

rank [A—)\I B] =n

(A, C) OBSERVABLE if

rank [A P /\I]

C

Theorem 4.15.
Y(A,B)in(4.1)and (A4, C) in (4.25)
1) X(A, B) controllable iff
rank [A— X B]=n VXe€o(A)

2) 3(A, C) observable iff

rank {A P /\I] =n VYie€o(A4)
C

Theorem 4.16.

1) \is (A4, B)— controllable iff \is (TAT !, T B)- controllable.

2) \is (A, C)— observable iff \is (TAT 1, CT~!)- observable.

Theorem 4.17.
Let X(A4, B)in (4.1) be:

A A, [Bi
A=l aae=1%

(4.98)

(4.99)

(4.102)

(4.103)

(4.110)

where A1} € RF*F and By € RE*™ and (A1, By) controllable. Then A € o(A)is (A, B)-contrpllable

A ¢ o(Az)

Theorem 4.18.
Let X(A, C)in (4.25) be:

_[Au 0 _
A_[Am AQJ G

(4.115)
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Lecture 9:

Controllability cannonical form:

Theorem 4.13.
Let X(A, B) withm = 1 controllable then there exists a nonsingular 7' € R™*" such that:

0
0 1 0 - 0 0
TAT™! = R TB=|: (4.67)
0 0 0 1 0
—ap —a; ... —Qp—2 —AAp_-1 1
s.t.
det(sI —A) = Aa(s) = 5" +an,_ 15" "+ ...+ a5+ ag = det(sI — A) (4.77)
Theorem 4.14.
Y(A,C)in (4.25) with p = 1 observable = Jnonsingular T's.t.
0 0 ... 00 —ap
1 0 ... 0 —a
TAT'=| . . o CTt=[0 0 ... 0 0 1] (4.96)
0 0 ... 01 —Qp—1
withag,...,an—1 € Rand also like (4.77)
Stabilization by static state feedback:
Y(A,B): &(t) = Ax(t) + Bu(t) (5.1)
In CLOSED LOOP SYSTEM we have a STATE FEEDBACK CONTROL:
u(t) = F(t)x(t
o . .() (£)() (5.2,5.3)
substitution into (5.1),givesi(t) = (A + BF)x(t)
Problem 5.1
GivenX(4,B)find F € R™*"s.t.0(A+ BF) C C_={z € CJRe < 0}
Theorem 5.1:
A € R"™ ™ and B € R™ "™ given. For each monic polynomial degreen there 3F € R™*™ s.t.
Aaypr(s) = p(s) (5:5)

iff (A, B) controllable.

Corollary 5.2.
A € o(A) not (A, B) controllable then A € o(A + BF)

Theorem 5.2:
Given X(A, B) there exists ' € R™*"s.t.0(A + BF) C C_if and only if every A € og(A)s.t. A ¢
C_is (A, B) controllable.
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State observers:

Given
oF z(t) = Az(t) + Bu(t)
vt = Ca()
Let w(t) € R™ to be able to define

q = [ = Pu(®)+ Qu(t) + Ry(t
() = Su()

Define ESTIMATION ERROR S.t.
e(t) =&(t) —=(t)

So when we take the derivative, and substitutex = £ — e = Sw — e we get:
é(t) = (SP+ SRCS — AS)w(t) + (A — SRC)e(t) + (SQ — B)u(t)

Definition 5.2.
1is called STATE OBSERVER: if for any zo € R" and w; € R" s.t.e(0) = Swg —xg =0
For any input u(-) thene(t) = Ofor allt > 0
Definition 5.3.
STABLE STATE OBSERVER:
lim e(t) =0

t—o00

Theorem 5.6:
General form of a state observer for X is:

£(t) = (A= GO)(t) + Bu(t) + Gy(t)
With&(t) € R”and G = SR € R™ P

(5.30)

(5.31)

(5.32)

(5.34)

(5.35)

(5.39)

Then the estimation error satisfies:é(t) = (A — GC)e(t) Such that the state observer *is stable

iff (A — GC) C C-

Detectable:

Definition 5.4.
¥ detectable if there exists G € R"*Ps.t.0(A — GC) C C.

Lemma 5.7.
(A, C) dectectable iff (AT, CT) is stabilizable.

Theorem 5.8.
(5.30) detectable iff every unstable eigenvalue of Ais (A, C) observable, so:
A—-AM ]

c =n VAe€og(4):Re(A)>0

rank [
Corollary 5.9.
Consider (5.30),then:
1) Istable observer
2) (A, C) detectable
3) every eigenvalue A € o(A) satisfying A & C_is observable.

(5.43)
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Lecture 11:

Consider (5.30) so then we can rewrite (5.31) s.t.

I w(t) = Kw(t) + Ly(t)
" u(t) = Mw(t) + Ny(t)

Problem 5.2.
Given A € R»*" B € R™™ (' € RP*™ find integer n,, > 0and matrices

K ¢ R™wXnw T, c R XP M c R™Xnw N c R™*p

s.t. Ay satisfies o(Ag) C C_. Where

A, |[A+BNC BM
ol = c K

When we combine this with the state feedback

u(t) = F§(t)

so then we get
- &(t) = (A — GC + BF)&(t) + Gy(t)
u(t) = FE(t)

When we combine this with (5.50) s.t. n,, = nwe obtain

K=A-GC+BF L=G M=F N=0

Lemma 5.10.

Let:

1) Q be stable state observer for ¥

2) F'solve stabilization problem for static state feedback.

Then I' solves stabilization problem by dynamics output feedback.

PROOF:
A BF

Ge AGC+BF] define T’ = {
Theno(Ay) =o(A+ BF)Uo(A—-GC)
But by 1;0(A — GC) € C_and by 2;0(A+ BF) C C_

ForI'we have A, = ; 7

O} sothenTA,T—!

(5.45)

(5.48)

(5.47)

(5.49)

(5.50)

(5.51)

BF

A-GC
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Theorem 5.11:
Consider (5.30). There exists T of the form (5.45) iff (A, B) stabilizable and (A, C') detectable.
Detectability:
Let,A € o(A)be not (A, C) observable, so3p € C™ where p # 0s.t. [A _C')\I] p = 0 Consider two tra-
jectories of controlled X:

1) o = 0 where wg arbitrary then z(-) satisfies: tlim z(t)=0
— 00

2) xg = p where wy arbitrary.
Claim: 2/ (t) = x(t) + e Mp
Namely:#'(t) = () + te’p = Ax(t) + Bu(t) + Ae*p = A(z(t) + e p) + Bu(t) = Az|(t) + Bu(t)
Also Ca'(t) = Cx(t) + CeMpso Cx' (t) = Cx(t)
Sou(t) = u'(t)
t—o0

However tlim z(t) = 0so tli)m z(t) +eMp =0soeMp —5 0= Re(\) <0< A e C.

— 00
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Define

\g

) &(t) = Az(t) + Bu(t)
y(t) = Cz(t) + Du(t)

Definition 6.1. S

Two systems X(A, B,C, D)and (A, B,C, D) and SIMILARif

A=TAT™' B=TB C=CT' D=D

Theorem 6.1:
¥(A,B,C,D)and (4, B, C,
y(t;0,u) = g(t; 0, u) for any u
Lemma 6.2:

D) be similar, then:
I — R™.

Consider .
ye(t) = /C@A(t_T)Bue(T>dT
—€
Then
y ) Ce™B t>0
im =
0+ ¢ 0t <0
PROOF:

t > 0fort > eso then:

(6.10)

t € €
y-(t) = [ Cert=) Bu.(r)dr = = [ CeMT=T)Bdr = = [ CeMe=A"Bdr = LCeM[IT — A2T!2 +
—e

Ak 4. +]2 Bir = LCe(I(26) + 242 +..)B
61_1>%1+ y:(t) = Ce'B

Remark: Function,é : R — R with defining properties:
15(t) =0for allt #0

2 For any continuous function
o= [ olt=ms(n =00

More explicity:

/ ot — 7)o(r)dr = liné o(t — T)ue(7)dr
e—

Definition 6.2:

For (6.1) IMPULSE RESPOSE MATRIX defined as:

CeAtB + D§(t), t>0
o = {2

(6.17)

(6.19)

(6.22)

Theorem 6.3: Consider system with above impulse response matrix, for¢ > 0output given by

y(t;0,u) = /H(t — 7)u(r)dr
0

(6.23)
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Theorem 6.4.
When two systems are similar, then for their respectively impulse response matrices, we have
that H(t) = H(¢t) for allt € R

Theorem 6.5
Consider (6.1) and (6.22) then:
Option 1:
A A | B _
A= { l A22] B- {0} c=[c C
e Do) (6.30,6.31)
o Cr1e11* By + t t>0
= H(t) = {0 t<0
Option 2:
A=A 0 p 1Bl o, 0
Az1 Az By
o ” (6.32,6.33)
o Chre11t By 4+ D6(t t>0
= H(t) = {o t<0
Remark 6.3.
We can define output function as
y(t) = /H(t,T)u(T)dT (6.35)

Furthermore, this system is:

1) CASUAL (OR NON ANTICIPATING)if H(¢,7) = Ofor allT > ¢. Sotonly depends on past input
values.

2) TIME-INVARIANTif H(t + s, 7+ s) = H(t, T)

Definition 6.3.
f: Ry — REXPONENTIALLY BOUNDED (so|f(t)| < Me*)with bounding exponent a then LAPLACE
TRANSFORM:

L)) = [ e ar (6.59)
0
Theorem 6.6.
)
L+ ) = LN+ L) Llaf) = aL(f) (6.62)

for any bounded f, ' : Ry — Randa € C
2) f : Ry — Rcontinuous differential, f exponentially bounded then f exponentially bounded

L(f) = sL(f) = £(0) (6.63)
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3)u, h : Ry — Rexponentially bounded, then

is exponentially bounded

Definition 6.4.
TRANSFER FUNCTION MATRIX consider (6.1) then

T(s)=C(sI —A)™'B+D

Theorem 6.7.
We see that

T(s) = L(H)(s)
for all ss.t. Re(s) > A(A) with A(A) the spectral abscis? of A
A(A) = max{Re(A\)|\ € o(A)}

Theorem 6.8.
When two systems are similar then

(6.64)

(6.65)

(6.71)

(6.72)
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Cramer’s rule:

(s —A)~ ! = ﬁ(s)adj(sl —A)

SINGLE-INPUT SINGLE-OUTPUT SYSTEM:

S : &(t) = Az(t) + Bu(t) 6.97
aso {50~ 0 (6:97)
Transfer function as rational function:
Q2 +...+q1+qo
S1s0: single input, single output.
x(t) = Ax(t) + Bul(t)
0\ () = Ca(t) + Dult)
Theorem 6.9.
Consider Y, with
0 1 o0 0 0 0
0 0 1 0 0
A= B = C:[COI v Cp—2 Cp—1 (699)
0 i 0 0
0 0 0 .. 0 1 0
—ap —ai1 —az ... —anp—2 —anp_—1 1
then: . .
T(s) = Cn—18 + Cn—28 +...+as+c (6.100)
s+ ap_18" L+ ... +ais+ag
PROOF:
Compute
* ..ok 1
adj(sI — A) = .
o (6.101,6.103)

= CAdj(sI — A)B = Cno18" V... + s+ e

Combining this with Cramer’s rule and A 4(s) we get indeed the result we wanted.
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Theorem 6.10.
Consider (6.97) and let (A, B) be controllable, then:

p(s) = Cadj(s] — A)B  q(s) = Ax(s) (6.116)

And coprime iff (A, C') observable.

PROOF:

(A, c) nonobservable = 3v € C" wherev # 0s.t.,[ 4 M | v =0forsomeA € 0(A) = v=[v1 vy ... vn]T then:
vy = AU
v3 = Av2

Av=Xdv = <. = —AgV] — A1V2 — ... — Ap—1VUp = AUy, = *

Un = AUp—1
1
A

Letv = v ’\.2 for vy #OMOZ A"+ ap A" P+ ar A+ ag)vr = ANy
77,:—1

SoAis a root of Ay = ¢

Using that 0 = Cv = (¢, 1 A"t + ¢ oA 2 + ...+ c1 A + co)v1 = cadj(M — A)Bv; = p(\)v;

So A also root of p

So pand g not coprime, what concludes the proof.

Theorem 6.11:
Consider (6.97) with

—ag

00 0
10 0 —ay bo 0
0 1 0 —as gl 0
2 0
A= |1 0 B=| . ch=1. (6.129)
. by 0
0 210 —an_o b2 1
00 ...01—apn_1 n—1

Then we have that

by n=l 4b b
T(s) = —n—tf F o Fhst R (6.130)
s+ an—18 +...4+a1s+ag

Note that (A, C') in (6.129) observable so therefore the matrices in (6.129) observability canonical form.

Theorem 6.12.
Consider (6.97) and let (A, C') observable, then

p(s) = Cadj(s] — A)B  q(s) = Ax(s) (6.131)

are coprime iff (4, B) controllable.
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For SISO: (s) s)
p(s ps
T(s)=—+==
$)= ) = 76
where ¢’ and p’ are coprime.
Non-SISO: 1
T(s) = —P(s
()= 5P0)

where P matrix of polynomials.

Definition 6.5.

PoLE: A € Cpole of T(s) = 28 if it is a root of ¢/(s)

A € Cis a pole of T'(s) = ﬁP(s) if it is a pole of at least one of its elements.

Theorem 6.13.

Consider (6.1) and its transfer matrix T then:

1) A € Cpole of T'then A € o(A)

2) A € o0(A) and (A, B) controllable and (A, C') observable, then A pole of T

Definition 6.6.
Y(A, B,C, D)is EXTERNALLY STABLEif3y > 0s.t. for any bounded u : Ry — R™

sup [ly(t;0,u)|l, < sup [lu(t)|l,
teR, teR,

EQUIVALENT DEFINITION:

lu(®)ll, < 1Vt € Ry = |ly(t[0, u)[|, <AVt € Ry

Lemma 6.14.
3(A, B,C,D)in (6.1) externally stable iff X(A, B, C, D) is externally stable.

Theorem 6.15:
For (6.1) and its transfer T the following are equivalent:
1) ¥ externally stable.

2) [ ||CetB||dt < oo
0
3) lim Ce*B =0
t—o0
4) all poles of T'are in C_

PROOF:
In Lecture notes

Definition 6.7.
(6.1) is internally stable if (3.1) is asymptotically stable.

Theorem 6.16:

Consider (6.1) then:

1) Internally stable, then externally stable.

2) Externally stable,(4, B) controllable, (A4, C) observable = internally stable.

(6.132)

(6.133)

(6.134)

(6.135)
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